MATH2048 Honours Linear Algebra II

Midterm Examination 2

Please show all your steps, unless otherwise stated. Answer all five questions.
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1. Let T= L, : R* - R* where A = o 01 1| Find all eigenvalues of T" and
-1 0 0 1

their algebraic multiplicity pr(A) as well as geometric multiplicity «7(A). Determine
whether T' is diagonalizable.

Solution. fr(t) =t(t — 1)3. The distinct eigen values are 0 and 1.

e For \y =0, A— NI, = A, y(0) = dim(N(A — A\ 1y)) = 4 — rank(4) = 1.

pr(0) = 1.
-1 0 0 O
0 00 -1
e For )\2 = ]_, A — /\1[4 = 0 0 0 1 s ’}/T(]_) = dlITl(N(A - /\2]4)) =
-1 00 O
4 —rank(A — \oly) = 2. But pp(1) = 3.

Hence, T' is not diagonalizable.



2. Let V.= Myys(R) and T : V' — V be the linear transformation defined by T'(M) =

10 0 0
AMB, WhereA—(1 1> andB-(1 _1>.

(a) Find a polynomial g € P3(R) such that 7% = ¢(T).

(b) Let M,y = (1) _01 and W be the T-cyclic subspace of V' generated by M.
Find dim (W) and the characteristic polynomial of T'|yy .
Solution.
0O 1 0 0
) 0 -1 0 0
(a) Let 8 be the standard ordred basis for My o(R). Then [T]s = 01 0 1
0 -1 0 -1

and fr(t) = t2(t + 1)? = t* + 2t3 + 2. By Cayley thm, fr(T) = Ty, i.e.
T+ 273+ T% = Ty. Let g(t) = —2t3 — t?, then g € P3(R) and T* = g(T).

. (1 -1 2 U S R
(b) By computation M, = <O 0 >, T(My) = (_1 1) T#(My) = <2 _2>.
Then T?(M,y) = —2T(My) — My. Therefore, {My, T(My)} forms a basis for

W and dim(W) = 2. Since My + 2T(M,) + T*(M,) = O, one has fr),,(t) =
(=1)*(1 + 2t +t2).



3. Let T : C* — C? be a linear transformation defined by the matrix A =

)

S O >

1
A
0

> = O

o,

where A € C\ {0} is a nonzero complex number. Find all 1 dimensional and 2

dimensional T-invariant subspaces of C3.
Solution.
Let W be a T-invariant subspace of V. Then W is (T' — AI)-invariant too.

For any nonzero v = (z,y,2)" € W, then (T — X)(v) = (y,2,0)" € W and (T —
A )% (v) = (2,0,0)' € W.

o If dim(WW) = 1, then W = span({v}). Thus (y, z,0)" = ¢(z,y, 2)" for some ¢ € C.
Note that c 20 — 2 =0 =— y =0 = x = 0 contradicting v # 0.
Therefore c =0 = y = 2z = 0. One has W = span({(z,0,0)'}) for z € C\{0}.
Conversely, if W = span({(z,0,0)'}) for x € C\ {0}, then W is 1d T-invariant
space.

o If dim(W) = 2. We claim that z = 0, otherwise {(z,v, 2), (v, z,0)", (2,0,0)'} C
W is linearly independent subset, which implies dim(W') > 3. Therefore, z = 0
and W C {(a,b,0)|a,b € R}.

Since dim(W) = 2 = dim({(a,b,0)"|a,b € R}), one has W = {(a,b,0)"|a,b €
R} = span({(z,y,0)", (y,0,0)"}), where y € C\ {0}.

Conversely, if W = span({(z,y,0)", (y,0,0)}) for z € C and y € C\ {0}. Then
W is a 2d T-invariant subspace.



4.

(a) Let A = (aij)i<ij<n € Mnxn(C), where a;; is the i-th row, j-th column entry of
A. Let X\ be an eigenvalue of A. Show that:

A€ U{ZGC2|Z—G¢¢\§ Z \aij|}.

1<i<n 1<j<n,j#i

(b) Let V' be a n-dimensional vector space over C, with an ordered basis f =
{v1,Va,...,v,}. Given that n > 100. Consider a linear operator T : V — V
defined by:

T(Vl) =a1vqy + b11V2 + b12Vn
T(Vn) = ApVn + bnlvl + anVn—l

T(Vk) = apVk + bk1Vk+1 + bk2Vk—1 for k = 2, 3, e, — 1.

Given that |ag| > |bg1| + |bgz2| for all k. Using (a), show that all eigenvalues of T’
are non-zero.

Solution.

(a) A is an eigenvalue of A, so Az = Az for some nonzero x € C". Let z =
(21, ..., x,)" Find i such that the element of z with the largest absolute value is
x;. Then z; # 0 since x # 0.
Taking the i-th component of the equation Az = Az, one has Z?:o ;T = A\T;.
So Zj;éi Q5 = ()\ - au)xl

By triangle inequality, |\ — a;| = |Z#i aiji_z < Z#i |a;;| since |%| < 1.
(]

(b) If A is an eigenvalue of T', then A is an eigenvalue of [T']5 and thus is an eigenvalue
of [T}, the transpose of [T]g.

By (a), |ak| — |A| < |A — ag| < |bra| + |br2| < |ak|, so |A| > 0, which implies all
eigenvalues of T" are non-zero.



5. Let T : V — W be a linear transformation between the vector spaces V and W over
C. Let T™ be the transpose of T'. Prove or disprove that (W/R(T))* is isomorphic to
N(T*). If it is, please construct an isomorphism between (W/R(T))* and N(T™). If
it is not, please give a rigorous proof. Please explain your answer with details. (Here,

(W/R(T))* is the dual space of (W/R(T)).)

Solution. Consider

o : (W/R(T))" — N(T7)
h+— ®(h)

defined by ®(h)(w) = h(w+ R(T)) for all h € (W/R(T))* and w € W. We show that

® is an isomorphism.

o Well-defined.
For any h € (W/R(T))*, T*(®(h))(v) = (®(h)oT)(v) = ®(h)(T(v)) = ®(T(v) +
R(T)) = h(R(T)) = 0 for any v € V. Therefore ®(h) € N(T*) for any h €
(W/R(T))".
Besides, if ®(hy) # ®(hs), there exists w € W such that ®(hy)(w) # ®(he)(w),
i.e. hy(w+ R(T)) # ha(w + R(T)) So hy % ho.

e Linear. It’s trivial.

e Injective.
For any h € N(®), ®(h) = 0. That is h(w + R(T)) = ®(h)(w) = 0 for all
weW. Soh=0.

e Surjective.
For any g € N(T™), define h by h(w + R(T)) = g(w).
For any w; + R(T') = we + R(T), one has wy —wy € R(T). There exists vy € V
such that w; — wy = T(vg) and g(w; — we) = g(T(vg)) = T*(g)(ve) = 0 for
g€ N(T*).
Therefore, h(w,+R(T)) = g(wy) = g(wse) = h(wa+R(T)), then h is well-defined.
Since h € (W/R(T))* and ®(h) = g, one has ® is surjective.



